Abstract: We find spherically symmetric solutions in the modified Hořava-Lifshitz gravity proposed recently by Blas, Pujolas and Sibiryakov. The non-linear equations of the two derivative action turn out to be similar to those stemming from the four-derivative action explored recently. We analyze the solutions and derive constraints on the relevant new coupling constant. We also analyze the case where the cosmological constant is non-zero. We derive the large distance expansion of solutions and show that the power of the standard Newton's law is modified in the presence of a cosmological constant. * On leave of absence from APC, Université Paris 7, (UMR du CNRS 7164) 
Introduction and results
Hořava provided recently with an alternative view on the quantization of gravitational theories, [1] . By abandoning Lorentz invariance he was able to allow for a power counting renormalizable class of theories. Several aspects of such theories have been analyzed since, and such progress was reviewed in [2] where we refer the reader for references and more details. A generic problem of the theory proposed by Hořava is the presence of unstable modes as well as strong coupling directions, as it usually happens in non-diffeomorphism invariant theories. It was proposed in [3] that the addition of spatial derivatives of the lapse function can ameliorate the behavior of the theory, and indeed it was shown that the linearized theory around flat space has proper behavior for a range of the extra couplings.
The purpose of the present paper is to study non-linear aspects of the theories proposed in [3] by studying its spherically symmetric solutions. It turns out that the resulting equations for arbitrary couplings are much more complicated than those studied (and solved) recently in [2] . To proceed we will simplify the theory so that it is still tractable while it contains the new ingredients proposed in [3] .
For this we will choose the action to be
and we will look for spherically symmetric solutions with zero shift of the form
Defining the dimensionless variable b = 4ξ a 1
, the linearized stability of the theory constraints 0 <
The nonlinear equations are solved and we find the following types of solutions:
• In the stable range, b > 2, we find an asymptotically flat solution with positive "mass", which extends down to a regular horizon 1 (defined as the solution r * to f (r * ) = 0). The asymptotic expansion of this solution is This expansion defines the parameter we call "mass". There is an infinite series of subleading terms controlled by the mass and the parameter b. In particular, the subleading behavior in N 2 has the same power as the one induced in RS compactifications. There is however an important qualitative difference in the sense that in RS the coefficient is linear in the mass while here it is cubic in the mass. Therefore, the effects of the new interaction are more prominent for very massive objects. As we vary the parameter 2 < b < ∞, the ratio r * /2GM in (1.5) varies from 1 (at b = ∞ where the interactions are not present) to ∞ at b = 2.
There is another class of solutions with non-trivial asymptotic behavior
as r → ∞. For such solutions, the four-dimensional scalar curvature is singular as r → ∞.
• In the borderline case b = 2, we find solutions with f (r) arbitrary and
This is in tune with the degeneracy of the spatial derivative action of the scalar mode in this case, [3] .
• In the unstable range, 0 < b < 2, we also find an asymptotically flat solution with positive "mass", which extends down to a regular horizon. Its large distance expansion is similar to (1.3), (1.4). There are no exotic asymptotics in this case.
• We also analyze the case where a cosmological constant is present. Although we cannot solve the non-linear equations in that case, we can solve them for the large distance expansion. We classify the large distance asymptotics in that case. We find the regular solutions have an expansion that is given by
where f is the standard blackness function and C is a constant of integration. We observe that the 1/r tail of the solutions without a cosmological constant is now changed to 1/r a−2 a+2 . This implies that the power of Newton's law is modified in the presence of a cosmological constant.
Such solutions can be understood as long range tails of matter distributions (stars). The presence of a physical singularity in such solutions needs to be further understood. As argued in [2] the curvature invariants are not enough to ascertain singular physics. This has been also shown recently [4] by analyzing spherically symmetric solutions in the projectable theory.
A theory with action (1.1) differs from General Relativity already at the two-derivative level. Although this difference is at the level of gravitational (and not matter interactions) we expect constraints on the coefficient a 1 to be mild. We can estimate that the relative change to the perihelion precession for Mercury is about − 5 b
10
−8 . Since b > 2 in the stable range, such a constraint is comfortably irrelevant due to the non-relativistic suppression. The most stringed constraints on b will be set by binary pulsar data and are expected to be in the 10 −3 range.
The Hořava-Lifshitz gravity theory and its generalizations
We review here the gravitational theories of the Hořava-Lifshitz type with general couplings. The dynamical variables are N, N i , g ij , with (mass) scaling dimension 2 0, except N i that has scaling dimension 2. This is similar to the ADM decomposition of the metric in standard general relativity, where the metric is written as
The most general power-counting renormalizable action is
4)
The extrinsic curvature is defined as
with covariant derivatives defined with respect to the spatial metric g ij .
the standard generally covariant antisymmetric tensor. ǫ 123 is defined to be 1, and other components are obtained by antisymmetry. Indices are raised and lowered with the metric g ij . Therefore,
The Cotton tensor in (2.5) is given by
In (2.6) we have defined
and the ellipsis in (2.6) refers to dimension six terms involving a i as well as curvatures. The action in (2.2) is invariant under a restricted class of diffeomorphisms
The transformation of the metric under infinitesimal diffeomorphisms (ĥ
The equations of motion stemming from the action (2.2) are formidable, even for simple ansatze like the spherically symmetric ansatz that will be considered here 3 . We will therefore simplify the theory, keeping however some of its main features. We will concretely study the action
which contains the kinetic terms, the leading conformally invariant dimension 6 terms, the Einstein term necessary for the IR limit and the leading relevant term of the new kind advocated in [3] . It should be mentioned that the last term breaks Lorentz invariance in a important way and therefore we expect its coefficient to be constrained. As it is in the gravitational sector the constraints are expected to be mild. We will search for static, spherically symmetric solutions with zero shift of the form
For such solutions the kinetic and Cotton terms do not contribute to the equations of motion.
The equations of motion
We insert the ansatz (2.14) into the equations of motion. The equation stemming from the variation of N becomes 1
The equation stemming from varying g 11 is
while the one stemming from g 22 variation is
All other equations are trivially satisfied. It is convenient at this point to define the following parameters
For a positive Planck scale we must have ξ > 0. Stability of linear fluctuations around flat space implies 0 < a 1 ξ < 2 that translates into b > 2 and consequently a < 0. The general relativity equations are recovered in the limit a 1 → 0 or b → ∞.
We now proceed to solve (3.1) for N ′′ and substitute in (3.3) to obtain the equation
We now combine this with (3.2) to eliminate N and obtain a differential equation purely for f . This is valid as long as a = 0. We will return to the a = 0 case later. The equation for f reads
The strategy is to first solve (3.6) and determine f , and then solve (3.2), determine N ′ /N algebraically in terms of f and then integrate once to obtain N(r). As there are three equations for two unknown functions, the solutions of the procedure above must be finally substituted to the original equations in order to verify whether there are further constraints.
Large distance expansions
Before proceeding with the general solution of (3.6) we will investigate the asymptotic expansion of asymptotically flat solutions when they exist. Assuming that at large r f asymptotes to a constant (that we normalize to one), we can show that the equation (3.6) admits the following large distance expansion
where GM is an integration constant that we interpreted as the Newton constant times the mass. Note that the corrections to the Newton's law are controlled both by the mass and the parameter b that is controlled by the non-standard term in the action (2.13).
Finding Solutions
To proceed further we define
We further define
This equation is similar but not identical to the one solved in [2] . It turns out that a similar technique applies here, namely we define
where we have used (5.4) . The N function can be obtained from (3.2) that can be rewritten as
with solution rN We note that the equation for ǫ = 1 above is obtained from the equation with ǫ = −1 by W → −W . As such a sign change does not change f , we restrict ourselves for now on, without loss of generality, to the ǫ = −1 case.
To proceed further and integrate (5.9) we have to distinguish three cases 6. Study of the solutions for a < 0 This is the regime where the linearized theory is well behaved. In this case the solution is while
In figue 1 the solution W (r) is plotted in inverted form: r/r 0 as a function of W . N/N 0 is plotted as a function of W in figure 2 .
Rewriting the solution in terms of g(r) we must distinguish two cases
in which case we obtain 1 + |a|g |a|g−2
The two branches are described in figure 3 . Both have a region at infinity and as we will now see they have non-standard large distance asymptotics.
For r → ∞ we must have |ag| → ∞. Expanding around this limit we obtain: The metric is therefore not asymptotically flat. Moreover as seen from figure 1 there the fourdimensional scalar curvature diverges in this limit.
• W = − As seen in figure 4 this solution contains three branches corresponding to physically different solutions.
• The right branch has g > b |a|
and r varies from 0 to ∞. In particular, g(r = 0) = ∞ and g(r = ∞) = b |a| that corresponds to f = 1. It corresponds to − 1 |a|
we will soon see that this branch corresponds to negative masses.
• The center branch has this branch corresponds to positive masses and is therefore interesting. Moreover, as can be seen from figure 1 for this solution the scalar curvature is everywhere regular.
• The left branch has g < 0 and r varies from 0 to r 0 . In particular, g (0) = ∞ and g(r = 0) = 0.
It corresponds to − 1 √ |a|b < W < 0. This branch has g < 0 but no asymptotic region. It could however be patched together with the left branch on figure 3 to make a single geometry with 0 < r < ∞.
The large distance expansion of the center branch is
where we chose
. This is full agreement with (4.1) and (4.2).
Study of the solutions for a = 0
In this case w = 0 or a 1 = 2ξ. This situation is at the boundary of the range allowed in [3] . Indeed in this case the term quadratic in the spatial derivatives of the scalar mode has a vanishing coefficient.
The three basic equations now read
The second equation is solved for
The other two equations are identically satisfied if (7.4) is satisfied. Therefore the a = 0 case is a degenerate case where f (r) is arbitrary while N is given by (7.4) . This reflects the degeneracy in the quadratic term for the scalar mode.
Non-zero cosmological constant
We will now proceed to understand solutions when the bare cosmological constant is non-zero. The relevant action now is
The independent equations are
Once (8.2) is solved for f then N can be determined from (8.3) as
where we defined
, c = 4σ (w + 2ξ)
, a + b = 2 (8.5)
As before, it suffices to consider one of the signs in front of the square root. . To solve (8.2) we define
so that equation (8.2) becomes
One obvious generic solution is g = 0. Note that σ can be completely rescaled out of this equation by redefining the radial variable as r 2 → r 2 σ
. The only thing that remains in such a case is the sign of σ. We will assume it to be positive (AdS), although similar remarks apply in the dS case.
As before this equation can be simplified by the substitution
There is also another branch that is obtained by W → −W that does not affect g and can be therefore ignored. Unfortunately, we have not managed to solve this equation exactly. It is however amenable to numerical integration straightforwardly. We will study however here its large distance asymptotics that will provide some interesting clues on the physics in the presence of a vacuum energy. This study is not trivial as the equation in question is non-linear and typically several long-distance asymptotics exist.
The large distance asymptotics
To find the large distance asymptotics, we will concentrate at distances r 2 ≫ 2b c
. In this region we can neglect the 2b term in equation (8.7) to obtain
This equation can be solved exactly by the transformation
to obtain the equivalent equation
which is the large r limit of (8.9 ). This can be solved exactly, and we will focus in the physical branch, a < 0. The general solution is Integrating for a < 0 we obtain
The values of a ± for negative values of a are plotted in figure (5) . We note that a + is always positive while a − is negative for 0 < |a| < . From (8.13) we observe that r → ∞ on two distinct occasions. . Expanding the solution we obtain . Here the asymptotics are
, the only possible large-distance asymptotics is g ∼ r 2 with subleading terms that are powers of r 3|a|−2 |a|−2 .
• for 2 3 < |a| < 2 the only large-distance asymptotics possible is g ∼ r
• finally for |a| > 2 both of the previous two asymptotics are possible.
The case a = − To obtain r → ∞ we must take Y →
With the knowledge of the complete lists of asymptotics we can now proceed to establish the large distance expansions.
The large distance expansions
We start from solutions that asymptote to r 2 at large-distance. The general large distance asymptotics is as follows. 4 Solutions to (8.7) (with c=1) have the following large-distance structure
where g 0 is given by In particular, the first few terms are
2 (2 + 3a)(768 + 4160a + 7288a 2 + 5500a 3 + 1786a 4 + 185a 5 ) (2 + a) 4 (6 + a)(6 + 5a)(10 + 7a))
C is an integration constant and C n ∼ C n in (8.21 ). This expansion is well defined for generic irrational a. For rational values of a resonance effects can happen and logarithms may appear in this expansion.
From (8.4) we may compute the large distance expansion of the lapse. We find
For the blackness function f , we observe that this class of large distance asymptotics have the standard r 2 behavior characteristic of gravity with a cosmological constant, albeit the coefficient of the r 2 term is affected by the new term in the action. Indeed in terms of the original couplings ξ, a 1 and σ, the blackness function f from (8.6) has an expansion
that reduces to the standard asymptotics when a 1 = 0 (corresponding to a → −∞). What is remarkable in (8.19 ) is that no 1/r tail exists generically. Indeed the leading term proportional to the integration constant behaves as r 2−a 2+a , and only becomes 1/r in the GR limit a → −∞.
The lapse on the other hand has completely different large distance asymptotics that are exponential to leading order, and where the "mass" contribution (proportional to C in (8.24) is strongly subleading.
It is therefore expected that the interplay between a small cosmological constant and the large distance tails of spherically gravitating objects will be non-trivial, and unfortunately is not easily accessible through a large distance expansion alone. On the other hand, it is expected that there may be non-trivial constraints arising from this interplay if the cosmological in the universe is assumed to be non-zero.
We now move to the other alternative large distance asymptotics described in the previous subsection. In this case the solution can be written as
C 1 is the integration constant while the other coefficients are non-linearly related to it. The lapse has the same leading behavior as in (8.24) . Note that in the phenomenologically interesting region a → −∞, 1/a − is large and positive. Therefore this branch of solutions have a large power dependence which make it phenomenologically uninteresting.
Notes Added
• While this work was written, [6] has argued that the modified Hořava-Lifshitz gravity proposed in [3] has also potential strong coupling regions, based on the two derivative approximation. These regions are not visible in the spherically symmetric solutions studied here. Subsequently in [7] it was argued that the breakdown of the two derivative theory is prevented by the higher derivative terms rendering a theory without strong coupling problems.
• It was also brought to our attention after the completion of this paper that the equations solved for zero cosmological constant are identical with those governing a special class of solutions of a Einstein-Aether theory [10] , with c 1 = c 3 = 0, but with the aether vector restricted to be hypersurface orthogonal. This is the case with spherically symmetric solutions. Indeed the solutions found here with a < 0 match those found in [9] , and their linearized versions studied earlier in [8] . It was also observed that the physical solution corresponding to the center branch of figure 4 can be extended inside the horizon by the right branch of the solution in figure 3 . In that case the horizon at f = 0 is a minimal sphere. The relation with Einstein-Aether theory was also discussed in [7] .
• After the appearance of this paper, it was argued in [12] , echoing an earlier claim in [11] that the second class constraints are very strong and in generic solutions they force the lapse to vanish. This does not happen in solutions with symmetry like those that are treated here, but this is certainly an important issue that deserves further attention.
• After the completion of this work we became aware of reference [13] where spherically symmetric solutions in standard Hořava-Lifshitz gravity with non-zero shift were presented.
APPENDIX
A. Study of the solutions for a > 0
We present in this appendix the solutions to the equations without a cosmological constant for a > 0. In this branch, as a > 0 it implies that b < 2, and therefore corresponds to the linearly unstable class, [3] .
The solution is √ 1 + abW 2 exp b/a arctan( √ abW )
1 − aW = r r 0 (A. 1) while for N we obtain
The solution contains two branches that are visible in figure 6. Substituting for g we obtain
For this to be real 0 > ag > −2. The functions g(r) and N(r) are shown in figure 7.
-The left branch − . For this to be real 0 > ag > −2. Here as shown in figure 8 there is no asymptotic infinity. The radius is bounded 0 < r < r 0 . It is quite plausible that this solution combines with the right branch of figure 7 , as suggested by figure 6 in order to make a single solution valid from 0 < r < ∞. This solution has a negative mass parameter. 
